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In this paper, we concentrate on developing a fuzzy roughmulti-objective decision-making
model, according to fuzzy rough theory. Then we prove the existence of a solution of
the fuzzy rough multi-objective decision-making model formulated. Next, we develop
an effective algorithm to solve the fuzzy rough expected value multi-objective decision-
making model concerning the inventory problem, and prove the convergence of the
proposed algorithm. Finally these are applied to practical inventory problem in which all
inventory costs, purchasing and selling prices in the objectives and constraints are assumed
to be fuzzy rough in nature. Comparing the results with those from the fuzzy multi-
objective decision-making model, we reach that the proposed fuzzy rough multi-objective
decision-making model and algorithm, which will be of much use to management,
and provide significant solutions to construct other inventory models with fuzzy rough
variables in real life.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Uncertainty is common in real life problems such as randomness, fuzziness and roughness. Since Zadeh introduced fuzzy
set in 1965, fuzzy set theory has been well developed and applied in a wide variety of real problems [1]. Possibility theory
was proposed by Zadeh [2] and developed by many researchers such as Dubois and Prade [3,4]. However, in a decision-
making process, wemay face a hybrid uncertain environmentwhere fuzziness and roughness exist at the same time. In such
cases, a fuzzy rough variable is a useful tool. Fuzziness and roughness play an important role among types of uncertainty
problems. The concept of fuzzy rough sets introduced by Dubois and Prade [5,6] play a key role dealing with the two types
of uncertainty simultaneously.
Dubois and Prade first studied the fuzzification problem of rough sets. Furthermore, Morsi and Yakout defined the upper
and lower approximations of the fuzzy sets with respect to a fuzzy min-similarity relation [7]. Additionally, some scholars
generalized above definitions of the fuzzy rough set to amore general case [8]. Fuzzy programming and rough programming
have been proposed for decisions under uncertainty environment. In these programming models, roughness and fuzziness
are considered as separate aspects. Several researchers have considered the issue of combining fuzziness and roughness in a
general framework for the study of fuzzy rough sets. At present, the fuzzy rough set has been applied to practical problems.
For example, some researchers discussed the Algae Populations problems given certain water characteristics with a fuzzy-
rough estimator [9] and studied mining stock price using a fuzzy rough set system [10]. A fuzzy-rough sets approach to
feature selection was also proposed [11]. Furthermore, the fuzzy rough set theory was used to extract fuzzy decision rules
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from fuzzy information systems [12,13] to reduce the redundant condition attributes in information systems [14,15]. In
2006, Liu applied fuzzy rough set to scheduling problems [16,17]. In [18], Xu and Yao studied a class of multiobjective linear
programmingmodels with random rough coefficients. In [19], Liu proposed some definitions and discussed some important
properties of fuzzy rough variables.
In many cases, the parameters in inventory problems may not be crisp and be somewhat vague in nature. For example,
the holding cost for an item is supposed to be dependent on the amount in storage. Similarly, the set-up cost depends upon
the total quantity to be produced in a scheduling period. Moreover, because in the inventory system, the amount in storage
and the total quantity to be produced in a scheduling period may be uncertain, and range on an interval, uncertainties may
be associated with these variables and the above goals and parameters are normally vague and imprecise, i.e. fuzzy rough
in nature. Similarly, goals set for maximum allowable profit and minimum wastage along with inventory costs and prices
are imprecise in practical inventory problems. In these situations, fuzzy rough theory can be used for the formulation of
inventory models. In the existing literature, few research papers have already been published in this direction. However,
some inventory models have been constructed in an imprecise and uncertain mixed environment [20,21]. The newsboy
problem with shortage cost as fuzzy number and demand as random variable have been redefined [22]. Recently, some
scholars consider demand as a two-fold uncertainty variable [23,24]. As to inventory problems, classical inventory consider
decision-making models a single-item. Pankaj Dutta studied an inventory model for single-period products with reordering
opportunities under fuzzy demand [25]. But in real-life situations, a single-item inventory seldom occurs and multi-item
inventory is common. Mahapatra and Maiti researched the decision process for multiobjective, multi-item production-
inventory system via an interactive fuzzy satisficing technique [26,27]. In a multi-item inventory problem, the decision
makers are often required to optimize two or more objectives simultaneously over a given set of decision variables. This
leads to the fuzzy rough multi-objective decision-making problem. Moreover, most of the inventory problems are designed
by considering the items which are produced are of perfect quality. In fact, product quality is not always perfect, and is
usually related to the production process. The process may deteriorate and produce defective or poor quality items, and a
part of the produced items can be found to be not perfect. In this case, we introduce defective items into the fuzzy rough
multi-objective inventory system. These defective items can be reworked in the same cycle. But not all of the defective items
can be considered for reworking. Some of the defective items may be of very poor quality so that they will be expensive to
repair, which should be avoided for rework. Therefore, a certain percentage of the defective items may be considered for
reworking. The demand of the itemswill come not only from the initial perfect items but also from the reworked itemswhen
the production process stops. However, as far as we know, the effect of defective items on the fuzzy rough multi-objective
inventory decision-making problem has been seldom studied. For example, the effect of defective items was incorporated
into the inventory problem in 1986 [28]. The effect of substandard quality, due to deterioration processes, and on lot sizing
decisions was also studied [29]. Afterward, a classical inventory model with demand dependent on unit production cost
and imperfect production process was proposed in 1991 [30], a finite production inventory model was formulated and the
effect of imperfect quality items on it was studied [31–33]. Some scholars also studied the hybrid inventory problem in
remanufacturing processes [34,35]. However, no attempt has been made that includes all selling prices, production cost,
holding cost and set-up cost, which are fuzzy rough variables, are consideredwithin themulti-objective inventory decision-
making system with defective items. Therefore, there is a strong motivation for further research in this area.
The rest of the paper is organized as follows. In Section 2, we present some basic knowledge of fuzzy rough theory and
optimization theory. In Section 3, we state a multi-objective problem in a fuzzy rough environment, develop a fuzzy rough
multi-objective decision-makingmodel and prove the existence of the solution of the fuzzy roughmulti-objective decision-
making model formulated. In Section 4, we propose a solution method of the multi-objective inventory problemwith fuzzy
rough variables and prove convergence of the algorithm. In Section 5, we provide a practical example, and compare the
results of the fuzzy rough system with those from the fuzzy multi-objective decision-making model. Finally conclusions
have been made in Section 6.
2. Preliminaries and literature review
In this section, we will state some basic concepts and theorems on fuzzy rough theory which are cited from [19,1]. These
results are crucial for the remainder of this paper.
Definition 2.1. LetΘ be a nonempty set,P (Θ) the power set ofΘ , and Pos a possibilitymeasure. Then the triplet (Θ,P (Θ),
Pos) is called a possibility space.
Credibility theory is a branch of mathematics that studies the behavior of fuzzy phenomena. Fuzzy variable has been
defined in many ways. In this paper we use the following definition of fuzzy variable.
Definition 2.2. A fuzzy variable is a function from a possibility space (Θ,P (Θ), Pos) to the real line R.
Definition 2.3. Given a domain X . If A˜ is a fuzzy subset of X , for any x ∈ X
µA˜ : X → [0, 1], x → µA˜(x),
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µA˜ is called a membership function of xwith respect to A˜, µA˜(x) denotes the grade to each point in X with a real number in
the interval [0, 1] that represents the grade of membership of x in A. A˜ is called a fuzzy set and described as follows
A˜ = {(x, µA˜(x))|x ∈ X}.
If α is possibility level and 0 ≤ α ≤ 1, Aα consist of all elements whose degrees of membership in A˜ are greater than or
equal to α,
Aα = {x ∈ X |µA˜(x) ≥ α},
then Aα is called the α-level set of fuzzy set A˜.
Trust theory is the branch of mathematics that studies the behavior of rough events.
Definition 2.4. LetΛ be a nonempty set,A a σ algebra of subsets ofΛ, and∆ an element inA, and pi a trust measure. Then
(Λ,∆,A, pi ) is called a rough space.
Definition 2.5. A rough variable ξ is a measurable function from the rough space (Λ,∆,A, pi ) to the set of real numbers.
That is, for every Borel set B of R, we have
{λ ∈ Λ | ξ(λ) ∈ B} ∈ A.
The lower and the upper approximations of the rough variable are defined as follows,
ξ = {ξ(λ) | λ ∈ ∆}, ξ = {ξ(λ) | λ ∈ Λ}
ξ is the lower approximation of the rough variable ξ and ξ is the upper approximation of the rough variable ξ .
Definition 2.6. Let (Λ,∆,A, pi ) be a rough space. The upper trust of an event A is defined by
Tr{A} = pi{A}
pi{Λ} ;
the lower trust of the event A is defined by
Tr{A} = pi{A
⋂
∆}
pi{∆} ;
the trust of the event A is defined by
Tr{A} = 1
2
(Tr{A} + Tr{A}).
When we do not have enough information to determine the measure pi for a real-life problem, we can assumes that all
elements inΛ are equally likely to occur. For this case, the measure pi may be viewed as the Lebesgue measure.
Definition 2.7. Let ξ is a rough variable defined on a rough space (Λ,∆,A, pi ). The trust distributionΦ: R→ [0, 1] of the
rough variable is defined by
Φ(x) = Tr{λ ∈ Λ|ξ(λ) ≤ x},
Φ(x) is the trust that the rough variable ξ takes a value less than or equal to x.
The trust density function ϕ : R→ [0,+∞] of a rough variable ξ is a function which satisfies
Φ(x) =
∫ x
−∞
ϕ(y)dy
holds for all x ∈ R.
Definition 2.8. A fuzzy rough variable is ameasurable function from a rough space (Λ,∆,A, pi ) to the set of fuzzy variables
such that Pos{ξ(λ) ∈ B} is a measurable function of λ for any Borel set B of R. Generally speaking, a fuzzy rough variable is
a rough variable taking fuzzy values.
Definition 2.9. An n-dimensional fuzzy rough vector is a function ξ from a rough space (Λ,∆,A, pi ) to the set of n-
dimensional fuzzy vectors such that Pos{ξ(λ) ∈ B} is a measurable function of λ for any Borel set B of Rn.
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Definition 2.10. Let f : Rn → R be a function, and ξ1, ξ2, . . . , ξn are fuzzy rough variables defined on (Λ,∆,A, pi ),
respectively. Then ξ = f (ξ1, ξ2, . . . , ξn) is a fuzzy rough variable defined as
ξ(λ) = f (ξ1(λ), ξ2(λ), . . . , ξn(λ)), ∀λ ∈ Λ.
Definition 2.11. Let f : Rn → R be a function, and ξi are fuzzy rough variables defined on (Λi,∆i,Ai, pii), i = 1, 2, . . . , n,
respectively. Then ξ = f (ξ1, ξ2, . . . , ξn) is a fuzzy rough variable defined on the product rough space (Λ,∆,A, pi ) as
ξ(λ1, λ2, . . . , λn) = f (ξ1(λ1), ξ2(λ2), . . . , ξn(λn)),
for any (λ1, λ2, . . . , λn) ∈ Λ.
Definition 2.12. Let ξ be a fuzzy rough variable, α ∈ (0, 1] and B a Borel set of R. Then the chance of fuzzy rough event
ξ ∈ B is a function from (0, 1] to (0, 1], defined as
Ch{ξ ∈ B}(α) = sup
Tr{A}≥α
inf
λ∈A Cr{ξ(λ) ∈ B}.
The chance distributionΦ: R× (0, 1] → [0, 1] of the fuzzy rough variable is defined by
Φ(x;α) = Ch{ξ ≤ x}(α).
Lemma 2.1. The chance distributionΦ(x;α) of a fuzzy rough variable is a decreasing and left-continuous function of α for each
fixed x.
Lemma 2.2. The chance distributionΦ(x;α) of a fuzzy rough variable is an increasing function of x for each fixed α and
lim
x→−∞Φ(x;α) ≤ 0.5, ∀α;
lim
x→+∞Φ(x;α) ≥ 0.5, if α < 1.
3. Multi-objective model with fuzzy rough variable
Multi-objective decision-making problems are generally solved by combining the multiple objectives into one scalar
objective, whose solution is a Pareto optimal point for the original multi-objective decision-making problem. A multi-
objectivemodel with fuzzy rough variables can be considered as an evolution of themulti-objective decision-makingmodel
with fuzzy variables.
3.1. Modelling with fuzzy rough variable
Fuzzy programming of a multi-objective has been studied for a long time. It has been increasingly recognized that
many real-world decision-making problems involve multiple and conflicting objectives which should be considered
simultaneously. As an extension of the fuzzy multi-objective decision-making case, fuzzy rough multi-objective linear
decision-making model is defined as a means of optimizing multiple different objective functions subject to a number of
constraints, i.e.,
max{̂c1x, ĉ2x, . . . , ĉK x} (1)
s.t. x ∈ X = {x ∈ Rn |̂Ax ≤ b, x ≥ 0},
where ĉk = (̂ck1, ĉk2, . . . , ĉkn) (k = 1, 2, . . . , K), Â = (̂A1, Â2, . . . , Âm)T are fuzzy rough vectors, and b = (b1, b2, . . . , bm)T .
Associatedwith themulti-objective decision-making problemwith fuzzy rough variable,we firstly consider the following
multi-objective linear programming problem:
max{c1x, c2x, . . . , cK x} (2)
s.t. x ∈ X = {x ∈ Rn|Ax ≤ b, x ≥ 0},
where ck = (ck1, ck2, . . . , ckn) (k = 1, 2, . . . , K), A = (A1, A2, . . . , Am)T , b = (b1, b2, . . . , bm)T . X is a decision set, Y is the
set of all objectives, and Y = {Z(x)|Z(x) = (c1x, c2x, . . . , cK x), x ∈ X}. Y ⊆ RK . x is a feasible solution and x ∈ X .
Definition 3.1 ([36]). Let the given objective set Y ⊆ RK and decision set X ⊆ Rn are not empty, f : X → RK is the objective
function. If objective function value y ∈ Y and there not exist another objective function value y1 ∈ Y which make
y1 ≥ y
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y is said to be the Pareto effective point of Y . If objective function value y ∈ Y and there not exist another objective function
value y1 ∈ Y which make
y1 > y
y is said to be the weak Pareto effective point of Y . If objective function value y∗ ∈ Y and to any other objective function
value ∀y ∈ Y
y∗ ≥ y
y∗ is said to be the Pareto optimum point.
Definition 3.2 ([19]). Let ξ is a rough variable defined on a rough space (Λ,∆,A, pi ). Then the expected value of ξ is defined
by
E[ξ ] =
∫ +∞
0
Tr{ξ ≥ r}dr −
∫ 0
−∞
Tr{ξ ≤ r}dr
provided that at least one of the two integrals is finite.
Definition 3.3 ([19]). Let ξ be a fuzzy rough variable. Then its expected value is defined by
E[ξ ] =
∫ +∞
0
Tr{λ ∈ Λ | E[ξ(λ)] ≥ r}dr −
∫ 0
−∞
Tr{λ ∈ Λ | E[ξ(λ)] ≤ r}dr
provided that at least one of the two integrals is finite.
3.2. The existence of solutions
Consider the form of a multi-objective decision-making problem written as follows:
max
x∈D
{̂c1x, ĉ2x, . . . , ĉK x, Âix}, i = 1, 2, . . . ,m. (3)
where ĉk = (̂ck1, ĉk2, . . . , ĉkn) (k = 1, 2, . . . , K), Â = (̂A1, Â2, . . . , Âm)T are fuzzy rough vectors.D is a deterministic feasible
set, D ⊆ Rn.
Definition 3.4. Let β = (β1, β2, . . . , βm)T , βi ∈ [0, 1], x ∈ Rn, and if
poss(̂Aix ≤ bi, ĉkx) ≥ βi, i = 1, 2, . . . ,m, k = 1, 2, . . . , K ,
then x is called β-possible feasible solution to model (1). All β-possible feasible solutions are called β-possible feasible set
Xβ of the model (1).
Definition 3.5. Let α is a possibility level, α ∈ [0, 1], D ⊆ Rn and x0 ∈ D. if do not exist x ∈ D and k ∈ {1, 2, . . . , K}, x
satisfy
poss(̂c1x ≥ ĉ1x0, . . . , ĉk−1x ≥ ĉk−1x0, ĉkx > ĉkx0, ĉk+1x ≥ ĉk+1x0, . . . , ĉK x ≥ ĉK x0,
ÂK+ix ≥ ÂK+ix0) ≥ α, i = 1, 2, . . . ,m, k = 1, 2, . . . , K ,
then x0 is called α-possible efficient solution of the model (3).
Definition 3.6. Let x0 ∈ X , if x0 is the problem
max{̂c1x, ĉ2x, . . . , ĉK x, Âix} (4)
s.t. x ∈ Xβ ,
α-possible efficient solution, and then x0 is called (α, β)-satisfied solution of the model (1).
In fact, to solve the model (1) and find its (α, β)-satisfied solution, we may consider the multi-objective problem as
follows:
max{(̂c1)αx, (̂c2)αx, . . . , (̂cK )αx, (̂Ai)αx} (5)
s.t. x ∈ Xβ ,
where (̂ck)α, (̂Ai)α is α-level set of fuzzy rough variables ĉk, Âi (i = 1, 2, . . . ,m, k = 1, 2, . . . , K) respectively.
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Fig. 1. A multi-item inventory system.
Definition 3.7. Let Lα (̂a, b̂, ĉ) is the α-level set of fuzzy rough variables âij, b̂i, ĉki. α is any given possibility level of
fuzzy variable, γ is any given trust level of rough variable. Then we have Lα (̂a, b̂, ĉ) = {(a, b, c)|pi(̂aij)(α1,γ ) (̂aij)(α1,γ ) ≥
α, pi(̂bi)(α1,γ )
(̂bi)(α1,γ ) ≥ α, pi(̂ckj)(α1,γ ) (̂ckj)(α1,γ ) ≥ α, i = 1, 2, . . . ,m, j = 1, 2, . . . , n, k = 1, 2, . . . , K}.
Theorem 1. x0 is the (α, β)-satisfied solution of the model (1) if and only if x0 is the efficient solution of the model (5).
Proof. Let x0 is the (α, β)-satisfied solution of the model (1). Following from the Definition 3.6, x0 is the β-possible feasible
solution, and α-possible efficient solution to the model (4). If x0 is not the efficient solution of the model (5), then exist
x1 ∈ Xβ and row-vector qk, qk ∈ (̂ck, ÂK+i)α(k = 1, 2, . . . , K , i = 1, 2, . . . ,m), and k0 ∈ {1, 2, . . . , K , K + i}, we can derive
that
qkx1 ≥ qkx0, and qk0x1 > qk0x0, when ∀k ∈ {1, 2, . . . , K , K + i} \ {k0}.
Due to qk ∈ (̂ck, ÂK+i)α , then min{pic1(q1), pic2(q2), . . . , picK (qK ), piÂK+i(qK+i)} ≥ α, (i = 1, 2, . . . ,m). Following from
the Definition 3.4, based on the expand principle, we have
sup
(t1,t2,...,tK ,tK+i)∈Tk0
min{pic1(t1), . . . , pick0−1(tk0−1), pick0 (tk0), pick0+1(tk0+1), . . . , picK (tK ), piÂK+i(tK+i)}
= poss(̂c1x1 ≥ ĉ1x0, . . . , ĉk0−1x1 ≥ ĉk0−1x0, ĉk0x1 > ĉk0x0, ĉk0+1x1 ≥ ĉk0+1x0, . . . , ĉK x1 ≥ ĉK x0,
ÂK+ix1 ≥ ÂK+ix0) ≥ α,
where
Tk0 = {(t1, t2, . . . , tK , tK+i)|t1x1 ≥ t1x0, . . . , tk0−1x1 ≥ tk0−1x0, tk0x1 > tk0x0, tk0+1x1 ≥ tk0+1x0, . . . ,
tK x1 ≥ tK x0, tK+ix1 ≥ tK+ix0}, (i = 1, 2, . . . ,m).
It is contrary that x0 is not the efficient solution of the model (5).
Contrarily, let x0 is the efficient solution of the model (5) and is not the (α, β)-satisfied solution of the model (1), then
exist x2 ∈ Xβ and s ∈ {1, 2, . . . , K , K + i}, i = (1, 2, . . . ,m),
poss(̂c1x2 ≥ ĉ1x0, . . . , ĉs−1x2 ≥ ĉs−1x0, ĉsx2 > ĉsx0, ĉs+1x2 ≥ ĉs+1x0, . . . , ĉK x2 ≥ ĉK x0,
ÂK+ix2 ≥ ÂK+ix0) ≥ α.
Following from the Definition 3.4, based on the expand principle, there is a row-vector pk ∈ Rn(k = 1, 2, . . . , K , . . . , K+
i; i = 1, 2, . . . ,m) which satisfy p1x2 ≥ p1x0, . . . , ps−1x2 ≥ ps−1x0, psx2 > psx0, ps+1x2 ≥ ps+1x0, . . . , pK x2 ≥
pK x0, pK+ix2 ≥ pK+ix0 and pi(̂ck ,̂AK+i) ≥ α, pk ∈ (̂ck, ÂK+i)α . It is contrary that x0 is the efficient solution of the model (5). The
proof is thus completed. 
4. Modelling the multi-objective inventory problem with fuzzy rough variable
We consider amulti-item production inventory systemwith deteriorating items, no shortages, stock-dependent demand
and limited storage space. In this system, see Fig. 1, there are n products which are produced. The process produces defective
or imperfect quality items and incurs an extra cost for rework and related operations for each defective item. The cost
parameters may vary. They are taken here as a fuzzy rough variable.
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Fig. 2. Current inventory of ith item.
4.1. Problem description and modelling
A multi-item inventory model is developed with the following notations and assumptions, it is assumed that the lead
time is zero, production rate of imperfect quality items is equal to the production rate times the percentage of defective
items produced i.e. Ii = xiPi, 0 ≤ xi ≤ 1, rate of rework of imperfect quality items is equal to some fraction of production
rate of imperfect quality items i.e. Ri = kiIi = kixiPi, 0 ≤ xi, ki ≤ 1, for ith (i = 1, . . . , n) item,
n number of items
A available floor/storage space
B available total budgetary cost
si selling price of each product
pi production cost per product
h1i holding cost of perfect items per unit time
h0i holding cost of the defective items per unit time
cRi repair cost per item of imperfect quality
ui set-up cost per production run
ai constant rate of deterioration, 0 < ai < 1
Ai required storage area per unit quantity
Ti time period for each cycle
Qi total items quantity produced during a production cycle
Di demand rate in units per unit time
Pi production rate in units per unit time
Ii production rate of imperfect quality items in units per unit time
Ri rate of rework of imperfect quality items in units per unit time
Li maximum inventory level allowed
L1i inventory level of perfect quality
xi percentage of imperfect items produced
TCi(T ) total average cost of the ith item
PF(T ) total average profit
WC(T ) total wastage cost.
If qi(t) is the inventory level at time t of the ith, see Fig. 2. Then
dqi
dt
=
{
(1− xi)Pi − Di − ai for 0 ≤ t ≤ t1i,
kixiPi − Di − ai for t1i ≤ t ≤ t1i + t2i,
−Di − ai for t1i + t2i ≤ t ≤ Ti.
So, the length of the cycle of the ith item is
Ti = QiDi + ai .
The total item produced during the production cycle is
Qi = Pit1i.
Total amount of imperfect items produced is
Qixi =
∫ t1i+t2i
t1i
Ridt = Rit2i.
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The inventory level of perfect quality items is
L1i =
∫ t1i
0
dqi(t) = [(1− xi)Pi − Di − ai]t1i.
The maximum inventory level allowed is
Li =
∫ t1i+t2i
0
dqi(t) = [(1− xi)Pi − Di − ai]t1i + (kixiPi − Di − ai)t2i =
[
1− (Di + ai)
(
1+ ki
kiPi
)]
Pit1i.
The holding cost in each cycle for the ith item is h1iFi(T ), where
Fi(T ) =
∫ Ti
0
dqi(t)
h1iFi(T ) = h1i
∫ t1i
0
dqi(t)+ h1i
∫ t1i+t2i
t1i
dqi(t)+ h1i
∫ t1i+t2i+t3i
t1i+t2i
dqi(t)+ h0i
∫ t1i+t2i
t1i
Rit2idt
= 1
2
h1iL1it1i + 12h1i(L1i + Li)t2i +
1
2
h1iLit3i + 12h0iRit
2
2i.
The total number of deteriorating units of ith item is θi(T ) = aiFi(T ). The net revenue of the ith item is N(T ) = (si−pi)(Di+
ai)Ti − cRikixi(Di + ai)Ti − siθi(T ). Hence, total average profit is
PF(T ) =
n∑
i=1
[N(T )− h1iFi(T )− ui]/Ti.
Total wastage cost
WC(T ) =
n∑
i=1
[θi(T )pi/Ti + cRikixi(Di + ai)].
Total average cost of the ith item is
TCi(T ) = [pi(Di + ai)+ cRikixi(Di + ai)+ h1iFi(T )/Ti + ui/Ti].
Let the above selling price, production cost, repair cost, holding cost, set-up cost be all positive, and they are fuzzy rough
variables. Moreover, the decision maker wants to maximize total average profit and minimize total wastage cost, based on
Definition 2.11 then the problem can be formulated by the following model:
max P̂F(T ) =
n∑
i=1
[N̂(T )− ĥ1iFi(T )− ûi]/Ti,
min ŴC(T ) =
n∑
i=1
[θi(T )̂pi/Ti + ĉRikixi(Di + ai)], (6)
s.t.

n∑
i=1
T̂C i(T ) ≤ B,
n∑
i=1
Ai(Di + ai)Ti ≤ A,
Ti > 0, (i = 1, 2, 3, . . . , n),
where N̂(T ) = (̂si− p̂i)(Di+ ai)Ti− ĉRikixi(Di+ ai)Ti− ŝiθi(T ), T̂C i(T ) = [̂pi(Di+ ai)+ ĉRikixi(Di+ ai)+ ĥ1iFi(T )/Ti+ ûi/Ti].
4.2. Solution of the proposed inventory model
To solve the above fuzzy rough multi-objective inventory model, we transform the model (6) into its expected value
model. Thus we have the following fuzzy rough expected value multi-objective inventory model:
max[E[P̂F(T )], E[−ŴC(T )]] (7)
s.t.

E
[
n∑
i=1
T̂C i(T )
]
≤ B,
n∑
i=1
Ai(Di + ai)Ti ≤ A,
Ti > 0, (i = 1, 2, 3, . . . , n),
where N̂(T ) = (̂si − p̂i)(Di + ai)Ti − ĉRikixi(Di + ai)Ti − ŝiθi(T ), T̂C i(T ) = [̂pi(Di + ai) + ĉRikixi(Di + ai) + ĥ1iFi(T )/Ti +
ûi/Ti], P̂F(T ) =∑ni=1[N̂(T )− ĥ1iFi(T )− ûi]/Ti, ŴC(T ) =∑ni=1[θi(T )̂pi/Ti + ĉRikixi(Di + ai)].
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To solve the multi-objective problem (7), we use the procedure as follows:
Step 1. Seek only the first objective function say E[PF(T)], and solve it as a single objective expected value programming
problem by fuzzy rough simulation algorithm. The steps of fuzzy rough simulation algorithm are given as follows [19]:
Generate training input–output data for uncertain function U : T → U1(T ),U2(T ),U3(T )
U1(T ) = max E[P̂F(T )],
U2(T ) = max E[−ŴC(T )],
U3(T ) = E
[
n∑
i=1
T̂C i(T )
]
≤ B,
by the fuzzy rough simulation. According to the generated training input–output data, train a neural network to approximate
the uncertain functions U .
Let T 1 be the optimal value of the decision variables and hence the optimal value of the objective function is E[P̂F(T 1)].
Next find the value of the second objective function E[−ŴC(T )] at T 1 say E[−ŴC(T 1)].
Step 2. In a similar way, pick up only the second objective function E[−ŴC(T )] and solve it by using fuzzy rough
simulation algorithm. Let T 2 be the optimal value of the decision variables and hence the optimal value of the objective
function is E[−ŴC(T 2)]. Next find the value of the first objective function E[P̂F(T )] at T 2 say E[P̂F(T 2)].
Step 3. The objective functions will then be defined by the relations E[P̂F(T 2)] ≤ E[P̂F(T )] ≤ E[P̂F(T 1)] and
E[−ŴC(T 1)] ≤ E[−ŴC(T )] ≤ E[−ŴC(T 2)].
Step 4. The membership functions corresponding to the objective functions of model (7) are then formulated as
µE[P̂F ](T ) =

1 if E[P̂F(T )] ≥ E[P̂F(T 1)],
1− E[P̂F(T )] − E[P̂F(T
2)]
E[P̂F(T 1)] − E[P̂F(T 2)] if E[P̂F(T
2)] ≤ E[P̂F(T )] ≤ E[P̂F(T 1)],
0 if E[P̂F(T )] ≤ E[P̂F(T 2)].
and
µE[−ŴC](T ) =

1 if E[−ŴC(T )] ≥ E[−ŴC(T 2)],
1− E[−ŴC(T )] − E[−ŴC(T
1)]
E[−ŴC(T 2)] − E[−ŴC(T 1)] if E[−ŴC(T
1)] ≤ E[−ŴC(T )] ≤ E[−ŴC(T 2)],
0 if E[−ŴC(T )] ≤ E[−ŴC(T 1)].
Step 5. Then maximize the membership functions using a max-convex combination operator following Bellman and
Zadeh [37]. Putting weights ω1 and ω2 (where ω1 + ω2 = 1) to the membership functions µE[P̂F ](T ) and µE[−ŴC](T ) the
problem can be formulated as
max
[
ω1µE[P̂F ](T )+ ω2µE[−ŴC](T )
]
(8)
s.t.

E
[
n∑
i=1
T̂C i(T )
]
≤ B,
n∑
i=1
Ai(Di + ai)Ti ≤ A,
Ti > 0, (i = 1, 2, 3, . . . , n).
The problem (8) now can be solved by the fuzzy rough simulation algorithm described in the above.
4.3. Convergence of the algorithm
Consider the convergence of the above algorithm as it is applied in fuzzy rough optimization problems. According to
the procedure of the above algorithm, we only need to prove the convergence of fuzzy rough simulation in fuzzy rough
optimization problems to discuss the convergence of the above algorithm. Since the proof of the convergence of E[P̂F(T )],
E[ŴC(T )] and E[∑ni=1 T̂C i(T )] is similar, we just prove the convergence of E[P̂F(T )] in the following.
Definition 4.1. A fuzzy rough variable η is said to be essentially bounded, if there is a positive number a such that
Tr{λ ∈ Λ|Cr{η(λ) ≥ −a} = 1} ≥ α and Tr{λ ∈ Λ|Cr{η(λ) ≥ a} = 0} ≥ α,∀α ∈ (0, 1].
A fuzzy rough vector η = (η1, η2, . . . , ηm) is said to be essentially bounded, if fuzzy rough variables ηi, i = 1, 2, . . . ,m,
are essentially bounded.
A sequence {ηn} of fuzzy rough variables is said to be uniformly essentially bounded, if there is a positive number a such
that Tr{λ ∈ Λ|Cr{ηn(λ) ≥ −a} = 1} ≥ α and Tr{λ ∈ Λ|Cr{ηn(λ) ≥ a} = 0} ≥ α,∀α ∈ (0, 1].
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Definition 4.2. Let η be an m-ary fuzzy rough vector. The support of the fuzzy rough vector, denoted Ξ , is defined as
{(x1, x2, . . . , xm)|Pos{η1(λ) = x1, η2(λ) = x2, . . . , ηm(λ) = xm} > 0} of Rm, it is the smallest closed subset of such that
Tr{λ ∈ Λ|Cr{η(λ) ∈ Ξ} = 1} ≥ α,∀α ∈ (0, 1].
Definition 4.3. Let η be an essentially bounded fuzzy rough vector, [ai, bi] be the support of ηi, ai, bi are finite number, for
i = 1, 2, . . . ,m. For any given integer n, the discrete fuzzy rough vector θn = (θn,1, θn,2, . . . , θn,m), is defined as
θn = φn(η) = (φn,1(η1), φn,2(η2), . . . , φn,m(ηm))
where the fuzzy rough variable θn,i = φn,i(ηi), i = 1, 2, . . . ,m, with
φn,i(vi) = sup
{
ki
n
|ki ∈ Z, kin ≤ vi
}
for vi ∈ [ai, bi], and Z the set of all integers.
Theorem 2. Suppose f a continuous function on Rm and η an m-ary continuous fuzzy rough vector, let P̂F = f (η), then
E[P̂F ] = E[f (η)]. If η is essentially bounded, and the sequence {θn} of primitive fuzzy rough vectors is the discretization of
the fuzzy rough vector η, then we have
lim
n→∞ E[f (θn)] = E[f (η)] = E[P̂F ].
Proof. We first claim that {f (θn)} is a sequence of uniformly essentially bounded fuzzy rough variables. In fact, since fuzzy
rough vector η is essentially bounded, there exists positive integers ai such that Tr{λ ∈ Λ|Cr{ηi(λ) ≥ −a} = 1} ≥ α and
Tr{λ ∈ Λ|Cr{ηi(λ) ≥ a} = 0} ≥ α,∀α ∈ (0, 1], for i = 1, 2, . . . ,m. If we write Ξ = Πmi=1[−ai, ai], then f is bounded on
the compact setΞ , i.e., there exists a positive number a such that
|f (̂η)| ≤ a
for all η̂ ∈ Ξ . By the definition of θn, we know that θ̂n = φn(η), which implies
|f (̂θn)| ≤ a
for all θ̂n ∈ Ξ , and all n. As a consequence
Tr{λ ∈ Λ|Cr{f (θn(λ)) ≥ −a} = 1} ≥ α, and Tr{λ ∈ Λ|Cr{f (θn(λ)) ≥ a} = 0} ≥ α
for all n and ∀α ∈ (0, 1], i.e., {f (θn)} is a sequence of uniformly essentially bounded fuzzy rough variables.
We now write
E[f (θn)] =
∫ a
−a
Tr{λ ∈ Λ|E[f (θn(λ))] ≥ r}dr
for n = 1, 2, . . . .
Because E[f (θn(λ))] and E[f (η(λ))] are considered as rough variables, we have
lim
n→∞ Tr{λ ∈ Λ|E[f (θn(λ))] ≥ r} = Tr{λ ∈ Λ|E[f (η(λ))] ≥ r}, ∀r ≥ 0
except at most countable infinite number of r ,s. Since |Tr{λ ∈ Λ|E[f (θn(λ))] ≥ r}| ≤ 1, we have
lim
n→∞ E[f (θn)] =
∫ a
−a
Tr{λ ∈ Λ|E[f (θn(λ))] ≥ r}dr = E[f (η)] = E[P̂F ].
The proof is completed. 
Based on Theorem 2 and Definition 4.3, to compute the expected value E[P̂F ], we can approximate it by E[f (θn)]. Write
fk = f (̂θ k)with θ̂ k = (̂θ kn,1, θ̂ kn,2, . . . , θ̂ kn,m), and ρk = ρn,1(̂θ kn,1)∧ ρn,2(̂θ kn,2)∧ · · · ∧ ρn,m(̂θ kn,m) for k = 1, 2, . . . , K . ρn,i is the
possibility distributions of the fuzzy variables θn,i(λ), i = 1, 2, . . . ,m respectively. ρn,i is defined as
ρn,i
(
ki
n
)
= Pos
{
ki
n
≤ ηi(λ) < ki + 1n
}
for ki = [nai], [nai] + 1, . . . , Ki, where [nai] is the maximal integer such that [nai] ≤ nai. Rearrange the subscript k of ρk
and fk such that f1 ≤ f2 ≤ . . . , fK . Calculate the weights ωk, k = 1, 2, . . . , K by
ωk = 12 (
K
max
j=k
ρj − K+1max
j=k+1
ρj)+ 12 (
k
max
j=1
ρj − k+1max
j=0
ρj)
with ρ0 = ρK+1 = 0. Hence, the expected value E[f (θn)] is calculated by
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Table 1
Different parameters of the fuzzy rough system
Items Di Pi xi ai ki Ai
X 140 600 0.01 0.03 0.4 0.2
Y 160 680 0.02 0.03 0.5 0.3
Z 150 650 0.02 0.03 0.6 0.4
M 170 730 0.03 0.03 0.5 0.5
N 180 760 0.03 0.03 0.6 0.5
K 200 800 0.04 0.03 0.6 0.4
E[f (θn)] =
K∑
k=1
ωkfk.
Consequently, we can estimate the expected value E[P̂F ] =∑Kk=1 ωkfk, provided n is sufficiently large.
5. Practical application
In this section, we present a practical example to illustrate the above model. Sano is a famous manufacturer of industrial
products, a leader in equipment and services in the southwest of China. The company has 15manufacturing facilities in nine
areas and research and development centers in 11 areas.
With the development and innovation of technology, Sano company will produce six new products which can be
classified into high-end, mid-end and low-end types of products according to different customers in order to increase
market share. The quality and reliability of products and services are among the most important factors driving customer
satisfaction and loyalty. Quality in management is vital for leveraging innovations globally, and improving productivity
in general. Here, we suppose that the managers of the company are interested in six new commodities X , Y , Z , M , N ,
K and want these new products, which were manufactured by its own producers, to be on sale around the country.
Because the defective items will be produced in the process of production and related operation for imperfective quality
items will occur, managers still wonder on the production time period for each cycle, production quantities and how to
determine a selling price for the six new commodities, since these commodities are all new products and have never
been launched on the market. Due to many uncertain factors, the total average profit (PF ), the total average cost (TC),
the total wastage cost (WC), the production cost, selling price and holding or set-up cost of per product are expected to
be fuzzy rough variables. For example, the set-up cost of X is a similar triangle fuzzy number and it depends upon the
total quantity to be produced in the time period for each cycle. But, total quantity of X to be produced may be vague
and changes with the competition of other congeneric commodities, the decision-maker thought process and specific
conditions, viz., it is rough. Thus the set-up cost of the new X is fuzzy rough variable. That is the same for the other new
products.
The other conditions are assumed that the available total floor or storage space is 280 square meters, and the available
total budgetary is not less than 70,000 yuan. On the basis of former experience, the company will gain at least 6000 yuan,
but would prefer 8000 yuan per cycle. While the total wastage cost is 6000, it will prefer to keep it at 5000 yuan. The other
parameter values for six items (n = 6) shown on the Tables 1 and 2.
For weights ω1 = 0.6, ω2 = 0.4, we find the optimal solutions for the models given in Table 3.
Now to compare the results of a fuzzy rough model with those of a fuzzy model, we consider the above multi-objective
inventory model where the selling price s˜i, production cost p˜i, holding cost of perfect items h˜1i, holding cost of imperfect
items h˜0i, repair cost c˜Ri and set-up cost u˜i are fuzzy. And the other parameter values of the fuzzy system are the same as
those in the above fuzzy rough system. The parameter values of fuzzy variables for six items (n = 6) shown in Table 4.
The best results of the fuzzy system are shown in Table 5 for weights ω1 = 0.6, ω2 = 0.4.
Here, when the selling price si, production price pi, repair cost cRi , holding cost of perfect items h1i, holding cost of
imperfect items h0i and set-up cost ui are fuzzy, the results obtained from Table 5. Comparing them with the results have
been obtained from Table 3, we find both the expected value of the profit and the ratio of the expected value of the profit
to the expect value of total cost in the fuzzy inventory system are lower than those in the fuzzy rough inventory system
respectively, viz., the results in fuzzy rough environment are better.
6. Conclusion
In this paper, we formulated an inventory decision-making model in fuzzy rough environments, and investigated the
effect of imperfect quality items in the inventory problem. Until now, no inventory model has been formulated in such
an environment i.e. the cost parameters are fuzzy rough variables. Though the models considered here are with stock-
dependent demand, infinite replenishment andwithout shortages, the present analysis can be extended to various inventory
problems and production planning model such as stock or time dependent demand, variable rate of reworking etc, which
may be areas of future research.
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Table 2
Parameter values of fuzzy rough variables
Items ŝi p̂i ĉRi
X (ζ1 − 10, ζ1 , ζ1 + 20) (ρ1 − 5, ρ1 , ρ1 + 5) (λ1 − 5, λ1 , λ1 + 5)
ζ1 = ([20, 40], [10, 50]) ρ1 = ([15, 20], [10, 35]) λ1 = ([20, 30], [10, 40])
Y (ζ2 − 20, ζ2 , ζ2 + 10) (ρ2 − 20, ρ2 , ρ2 + 20) (λ2 − 10, λ2 , λ2 + 10)
ζ2 = ([40, 60], [20, 100]) ρ2 = ([20, 30], [10, 60]) λ2 = ([30, 50], [20, 60])
Z (ζ3 − 20, ζ3 , ζ3 + 20) (ρ3 − 20, ρ3 , ρ3 + 10) (λ3 − 10, λ3 , λ3 + 10)
ζ3 = ([50, 70], [30, 90]) ρ3 = ([30, 50], [20, 100]) λ3 = ([40, 70], [30, 100])
M (ζ4 − 10, ζ4 , ζ4 + 10) (ρ4 − 10, ρ4 , ρ4 + 20) (λ4 − 10, λ4 , λ4 + 30)
ζ4 = ([60, 80], [40, 140]) ρ4 = ([40, 80], [30, 90]) λ4 = ([50, 90], [40, 100])
N (ζ5 − 30, ζ5 , ζ5 + 10) (ρ5 − 30, ρ5 , ρ5 + 10) (λ5 − 20, λ5 , λ5 + 10)
ζ5 = ([80, 100], [60, 120]) ρ5 = ([60, 90], [40, 130]) λ5 = ([70, 100], [60, 130])
K (ζ6 − 30, ζ6 , ζ6 + 20) (ρ6 − 15, ρ6 , ρ6 + 15) (λ6 − 5, λ6 , λ6 + 15)
ζ6 = ([100, 120], [60, 130]) ρ6 = ([80, 100], [40, 120]) λ6 = ([90, 110], [50, 130])
ĥ0i ĥ1i (̂ui)
X (η1 − 0.9, η1 , η1 + 0.5) (θ1 − 0.8, θ1 , θ1 + 0.4) (ν1 − 20, ν1 , ν1 + 30)
η1 = ([1, 1.4], [0.6, 1.8]) θ1 = ([0.8, 1.2], [0.4, 1.6]) ν1 = ([30, 60], [10, 100])
Y (η2 − 0.8, η2 , η2 + 0.5) (θ2 − 0.8, θ2 , θ2 + 0.5) (ν2 − 20, ν2 , ν2 + 30)
η2 = ([1.1, 1.5], [0.6, 2]) θ2 = ([1, 1.4], [0.6, 1.8]) ν2 = ([40, 60], [10, 130])
Z (η3 − 0.5, η3 , η3 + 0.4) (θ3 − 0.5, θ3 , θ3 + 0.5) (ν3 − 20, ν3 , ν3 + 20)
η3 = ([1.3, 2], [1, 2.9]) θ3 = ([1.2, 1.8], [1, 2]) ν3 = ([50, 80], [30, 160])
M (η4 − 0.5, η4 , η4 + 0.5) (θ4 − 0.2, θ4 , θ4 + 0.5) (ν4 − 20, ν4 , ν4 + 10)
η4 = ([1.8, 2.8], [1.6, 3.8]) θ4 = ([1.6, 2.4], [1, 3]) ν4 = ([60, 100], [50, 150])
N (η5 − 0.3, η5 , η5 + 0.2) (θ5 − 0.5, θ5 , θ5 + 0.3) (ν5 − 10, ν5 , ν5 + 20)
η5 = ([2, 3], [1.8, 4.4]) θ5 = ([1.8, 3.2], [1.5, 3.5]) ν5 = ([70, 120], [50, 160])
K (η6 − 0.2, η6 , η6 + 0.3) (θ6 − 0.5, θ6 , θ6 + 0.2) (ν6 − 30, ν6 , ν6 + 20)
η6 = ([2.5, 3.5], [2, 4.8]) θ6 = ([2, 4], [1.8, 4.2]) ν6 = ([80, 130], [60, 170])
Table 3
The optimal solutions of the fuzzy rough system
E[PF ] E[WC] E[TC] T1 T2
8173.215 4772.819 62391.32 0.712978 0.608647
T3 T4 T5 T6
0.657908 0.56783 0.538533 0.497345
Table 4
Parameter values of fuzzy variables
Items s˜i p˜i c˜Ri
X (20, 25, 45) (10, 20, 30) (25, 30, 35)
Y (30, 45, 55) (15, 30, 55) (35, 45, 50)
Z (40, 65, 70) (35, 50, 60) (50, 65, 70)
M (50, 70, 80) (55, 60, 90) (60, 80, 100)
N (55, 80, 90) (50, 60, 100) (70, 95, 100)
K (60, 100, 110) (75, 85, 105) (90, 100, 110)
h˜0i h˜1i (˜ui)
X (0.3, 1.3, 1.7) (0.5, 1.2, 1.6) (30, 60, 80)
Y (0.5, 1.5, 2) (0.5, 1.3, 2) (40, 60, 90)
Z (1.5, 2, 2.5) (1.2, 1.8, 2.2) (60, 70, 100)
M (2.3, 2.8, 3.2) (2, 2.5, 2.8) (70, 85, 100)
N (2.8, 3, 3.2) (2.5, 2.8, 3) (80, 90, 120)
K (3.2, 3.5, 4) (2.8, 3, 4) (80, 100, 120)
Table 5
The best results of the fuzzy system
E[PF ] E[WC] E[TC] T1 T2
7211.744 5076.12 59,148.46 0.771345 0.614077
T3 T4 T5 T6
0.577599 0.540409 0.511114 0.473668
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